Abstract & Context Modulus of elasticity (MOE) is an important mechanical property determining the end-use and value of loblolly pine (Pinus taeda L.) lumber. & Aim In this study, a model was developed to predict the within tree variation of MOE, from pith-to-bark and stumpto-tip, using data collected from a 21-year-old unthinned stand where trees were planted under seven initial stand density levels (746-2,243 trees/hectare). & Methods The study was laid out in a randomized complete block design, with seven levels of initial planting density, replicated three times. Seven trees were destructively sampled from each plot, and bolts were cut from each tree at heights of 2.4, 7.3, and 12.2 m. Static bending samples (of dimension 2.5×2.5×40.6 cm) representing pith-to-bark variation were cut from each bolt and MOE measured. A three-parameter logistic function was used to model the pith-to-bark variation in stiffness with distance from pith as an explanatory variable. & Results Based on the final fitted model, it was found that the asymptotic parameter (maximum outerwood MOE013.48 GPa) was not influenced by sampling height, initial planting density, and stem slenderness. However, the inflection and scale parameters were significantly influenced by these variables. & Conclusions In summary, we found that initial planting density had a significant influence on the amount of corewood produced with higher initial planting densities producing a lower proportion of corewood as indicated by a linear decrease in inflection point with an increase in planting density.
Introduction
Modulus of elasticity (MOE) or stiffness is a measure of the deformation that wood undergoes when subject to an applied load, and it is measured as a ratio between stress and strain. It is a property of particular interest to growers and processors of structural lumber as it determines the end-use and value of lumber cut from a tree. In loblolly pine (Pinus taeda L.) trees, an increasing trend in MOE has been observed from pith-to-bark (corewood-to-outerwood) and a decreasing trend from butt-to-tip (Megraw et al. 1999; Antony et al. 2011) . The stiffness of wood from loblolly pine largely depends upon its density and microfibril angle (MFA) (Megraw et al. 1999; Evans and Ilic 2001; Downes et al. 2002) , with high MFA and low specific gravity near the pith (corewood zone) associated with low MOE and low MFA and high specific gravity with stiffer wood near the bark (outerwood zone) (Larson et al. 2001) .
During the last two decades in the southern USA, management practices applied to loblolly pine stands have become more intensive. The use of genetically improved planting stock at varying planting densities with multiple applications of herbicide to control competition and fertilizer application at planting and mid-rotation has become common and is expected to continue in the future (Wear and Greis 2002) . Intensive management practices have resulted in loblolly pine trees attaining merchantable size much quicker and hence reducing rotation age. It has been reported that young fast grown pines contain large volumes of low quality corewood, and lumber produced from existing short rotation plantations may not have the stiffness required to meet design requirements for dimension lumber (MacPeak et al. 1990; Biblis et al. 1993; Plomion et al. 2001; Watt et al. 2009; Watt et al. 2010) . Biblis et al. (1993) reported that the strength and stiffness of lumber samples from plantation grown loblolly pine trees of age 25, 30, and 35 years failed to meet the design requirement values prescribed by Southern Pine Inspection Bureau for their visual grade lumber.
Controlling initial planting density is an important tool in the management of loblolly pine plantations and influences both the yield and quality of wood produced. Rapid diameter growth was observed in loblolly pine trees planted at wide initial spacing (Baldwin et al. 2000; Sharma et al. 2002; Zhao et al. 2011) , which resulted in the production of a larger corewood zone (Clark and Saucier 1989) . Biblis and Meldahl (2006) observed no significant difference in average MOE of small, clear wood specimens from two 20-year-old loblolly pine plantations; one was planted at a density of 2,989 trees/hectare (TPH) and the other at 746 TPH. In another study, Clark et al. (2008) observed significant differences in MOE of static bending samples collected from the mid-point of the first log (i.e., 2.4 m) with different initial planting densities but did not observe differences in samples collected from the mid-point of the second and third logs (7.3 and 12.2 m, respectively). They reported a 12-14% reduction in MOE for samples from 2.4 m for trees planted at 746 TPH compared to trees planted at 1,494, 1,793, and 2,243 TPA.
Accurate prediction of within tree variation of MOE is important for foresters as this information can be used for product categorization and hence assists in maximizing utilization efficiency. Models to predict changes in MOE with height by wood type (corewood and outerwood) were developed by Wang (2003) and Antony et al. (2011) . Little work has been conducted on the modeling aspects of within tree variation in MOE, both from pith-to-bark and from stump-to-tip in loblolly pine grown under a wide range of initial planting densities. The data used by Clark et al. (2008) provide an opportunity to model the within tree variation in MOE of loblolly pine trees grown under a range of planting densities (746-2,243 TPH). The objective of the study was to (1) model the within tree variation in MOE and (2) analyze the influence of initial planting density on within tree variation in MOE.
Materials and methods

Data
Trees sampled from a loblolly pine spacing study located at Rincon, GA, USA (latitude032.26°N; longitude081.26°W; elevation020 m) on the Atlantic Coastal Plain were used in this study. The study was established in 1984 and laid out in a randomized complete block design, with seven initial spacing treatments: 3.7×3.7 (746 TPH), 3×3.7 (897 TPH), 2.4×3.7 (1,121 TPH), 2.4×3 (1,344 TPH), 1.8×3.7 (1,494 TPH), 1.8× 3 (1,793 TPH), and 1.8×2.4 m (2,243 TPH), each replicated in three blocks. Each plot in the study was planted with seedlings from loblolly pine family 7-56 on commercially prepared beds and consisted of eight rows with eight trees per row. All plots received 56.7 kg of diammonium phosphate and herbaceous weed control using broadcast application of herbicide at the time of planting. In addition, each plot received herbaceous weed control in the first and second year after planting and 136 kg of urea at ages 5 and 10. The stand was not thinned and thus maintained the initial spacing throughout the study.
Seven trees with diameter at breast height (DBH, 1.37 m) ≥20.32 cm were destructively sampled from each plot in 2005 (at stand age 21). The trees sampled were selected in proportion to the diameter distribution of all the trees in the plot, where the proportion was the ratio of the number of trees in each 2.5 cm DBH class to the total number of trees in the plot. A total of 133 trees were sampled in the study (as opposed to the possible 147 (7×3×7) as one replication from two spacing treatments (3×3.7 m and 1.8×3.7 m, i.e., 14 trees) were missing. The DBH and total height of the trees sampled from each plot were measured, and the summary information is presented in Table 1 . From each sampled tree, a 0.6-m long bolt was cut from 2.1 to 2.7 m, 7.0 to 7.6 m, and from 11.9 to 12.5 m (with mid-points at 2.4, 7.3, and 12.2 m, respectively) from the stem, such that each bolt represented the mid-point of standard 4.9-m long logs. The mid-point diameter (both inside and outside bark) of each bolt was also recorded. The bolts were frozen and stored until further processing into short clear static bending samples.
From each 0.6-m bolt, a 3.8-cm thick radial slab was cut from bark-to-bark through the pith, and the slabs were kiln dried to 12% moisture content. After drying, each slab was split in to half through the pith and clear static bending samples with dimensions 2.5 (radial) ×2.5 (tangential)×40.6 cm (longitudinal) were cut contiguously from each half of the slab, starting from the bark. Any static bending samples containing pith were not used for further testing. A total of 1,663 defect-free static bending samples were used in this study. Approximately, one to five samples were obtained from each side of bolts cut from each sampled height. The number of samples obtained depends on the inside bark diameter of the tree at each sampling height.
The static bending samples were tested using a 3-point loading Tinius Olsen test machine using 35.6 cm span with pith upwards at 12% equilibrium moisture content following the procedure suggested by ASTM D143-94 (ASTM Standard D143, 2009) for testing alternative sized samples. A continuous load was applied at a head speed of 0.18 cm/min, rather than 0.13 cm/min to reduce test time. After testing, MOE of each sample was calculated using the procedure outlined in ASTM D143-94 (ASTM Standard D143, 2009). Static bending samples cut from each side of the 3.8-cm thick slab approximately matched each other (approximately included the same ring numbers), and hence, the data collected from matching samples were averaged by position from bark. Using the inside bark diameter measured at the mid-point of each 0.6 m bolt (at 2.4, 7.3, and 12.2 m) and the fact that each static bending sample was 2.54 cm in thickness, we computed the distance from pith (in cm) of each static bending sample used in the study.
Model development
The MOE profiles (with distance from pith) of trees within each spacing by height combination are presented in Fig. 1 . A consistent pattern was observed in MOE variation from pithto-bark at all sampled heights, with a rapid increase in MOE near the pith and approaching an upper asymptote near the bark (Megraw et al. 1999) . Several candidate models were fitted to the data, and their performance was compared based on Akaike information criterion (AIC), a commonly used model selection criterion. The functional forms used were (1) linear (AIC0 3,222.34), (2) quadratic (AIC03,199.24), (3) Asymptotic (AIC03,204.26), and (4) logistic (AIC03,186.34). A threeparameter logistic model was selected as the best model based on the fit statistics of the candidate models (the model with smallest AIC) to explain the mean trend in MOE variation with distance from pith. The selected model is
where y(R) is the measured MOE at distance R in centimeters from pith, β 0 is the asymptote as R→∞, which will be equivalent to maximum outerwood MOE, β 1 corresponds to the distance from pith at which MOE is b 0 2 = , i.e., the inflection point of the curve, and β 2 corresponds to the distance (radius) between the inflection point (β 1 ) and the point from the pith where MOE is b 0 1 þ e À1 ð Þ , i.e., the scale parameter (Pinheiro and Bates 2000) .
After identifying an appropriate function to explain the data, the next step was to model the mean trend with sufficient generality by taking care of all available covariates, i.e., a saturated parameter specification (Littell et al. 2000) . The observed trend in MOE with distance from pith varies with sampling height and initial planting density (TPH; Fig. 1 ). It was evident from Fig. 1 that the observed MOE profiles changed considerably with respect to sampling height; for example, the maximum MOE achieved decreased with sampling height. Maximum MOEs of 14.37, 14.06, and 11.65 GPa were observed at heights of 2.4, 7.3, and 12.2 m respectively, and indicated that the value of parameter β 0 might depend on sampling height.
In order to explore the trends in parameters with tree height and TPH, model 1 was fitted separately to each height by TPH combination, and the estimated parameters were subjected to exploratory data analysis (Fig. 2) . Based on Fig. 2 , it is clear that the estimates of β 0 and β 1 decreased with tree height (log e of tree height), and parameter β 2 increased a little with height. On the other hand, any trend in β 0 , β 1 , and β 2 with TPH was absent (Fig. 2) . Further analysis was conducted to characterize the influence of covariates TPH, DBH, and total height on parameters by fitting model 1 as a nonlinear mixed model with tree level random effects in it (tree level random effects, empirical best linear unbiased predictors (EBLUP's), were estimated for all three parameters in the model). The estimated tree level random effects of each parameter were subjected to exploratory analysis (Fig. 3 ). An increasing trend in β 0 and a decreasing trend in β 1 and β 2 with TPH was evident from this plot. Based on the evidence from past studies in loblolly pine (He 2004 ) and radiata pine (Watt and Zoric 2010), we used stem slenderness (SL, cm/m, a ratio of tree DBH and total height) as an explanatory variable in this study rather than DBH and total tree height separately. A decreasing trend in β 0 and an increasing trend in β 1 and β 2 with slenderness were evident from Fig. 3 . Based on these observations, the mean structure of the model was changed by expressing lth (l00, 1, 2) parameter in model 1 as a linear function of log e height, log 10 TPH, and SL as b l ¼ b l0 þ b l1 log e height ð Þþb l2 log 10 ðTPHÞ þ b l3 SL: The data collected in this study follow a hierarchical structure with the trees selected representing a random sample of all trees in the corresponding plot. The plots selected represent a random sample of all plots in the corresponding block and blocks selected represented a random sample of all blocks available from the stand. The mixed model framework (Pinheiro and Bates 2000) could be potentially utilized to account for multilevel heterogeneity by expressing the parameters in the model as mixed effects. Let y ijklm represents the mth MOE observation measured from pith at lth tree height from kth tree in the jth plot of the ith block; the nonlinear mixed model can be represented as
Following Pinheiro and Bates (2000) , the parameters in model 2 can be expressed as Here,
where b i , b ij , and b ijk are the block, plot, and tree level random effect vectors, and β is the fixed-effect parameter vector.
The random effects and the within-plot error term were assumed to be distributed normally as
and ε ijklm~N (0,σ 2 ). Here Ψ 1 , Ψ 2 , and Ψ 3 were variance-covariance matrices representing different levels of random effects (block, plot, and tree). A full model with random effects associated with all the parameters in the model considered first by assuming a diagonal variance-covariance matrix structure for random effects and an independent structure to within tree error.
The data were collected from different heights within a tree and at continuous radial distance from pith-to-bark at any height, and it is plausible to assume that two measurements taken at any point in a tree are correlated with each other, with measurements close together more highly correlated than those farther apart. The independent matrix structure associated with the within-tree error was relaxed ε ijklmÑ (0,σ 2 Λ ijkl ). This will enable us to explain the heteroscedasticity in the data and serial correlation across measurements successfully. Since evidence of any heteroscedasticity was absent (based on the plot of standardized residuals; not presented here), no variance functions were used in the model. In order to account for correlation across measurements within a tree, a random height effect was added with each parameter in the model, which will account for correlation across measurements taken at different heights, and a continuous first order autocorrelation structure was used to account for correlation across measurements taken along the radius at a specific height. The assumed correlation structure performed better (in terms of fit statistics) than any twodimensional spatial correlation structure attempted (spatial Fig. 1 Plot showing the variation in modulus of elasticity (GPa) with distance from pith of the tree by sampling height (mid points of 4.9 m log) and seven spacing treatments (trees/hectare) models such as Gaussian, exponential models, etc.) while modeling. The nonlinear mixed models were implemented using the nlme package available in R (Pinheiro et al. 2011 ).
Results
A full model with the fixed effect specification (linear height, TPH, and stem slenderness terms) along with block-plot-tree-height level random effects in all the parameters and a continuous autocorrelation structure was fitted initially. Then, the final model was achieved by dropping non-significant fixed and random effect terms from the model. A series of full and reduced models were compared using their fit statistics such as AIC and BIC to reach a final parsimonious model. The estimated parameters from the final model are presented in Table 2 . The diagonal random effect variance-covariance structure of the final model was Fig. 3 Estimated tree level random effects plotted against height (ln of height), initial planting density (log 10 of trees/hectare (TPH)), and stem slenderness (0DBH/Total height of the tree) along with the smoothed LOESS line relaxed by assuming a general positive-definite matrix (AIC02,545.03) where all the random effects in the model were allowed to covary with each other at each grouping level (block-plot-tree-height), but this did not show an improvement compared to the diagonal structure (AIC02,543.33).The form of the final model is
The influence of sampling height, TPH, and slenderness on the asymptotic parameter (β 0 ) was absent and dropped from the final model. Even though trends in maximum MOE with height ( Fig. 2) and TPH (Fig. 3) were observed, the magnitude of change in β 0 was negligible. For example, the average asymptotic MOE estimated from fitting the model to each sampling height-TPH combination was 13.09 GPa (2.4 m), 12.63 GPa (7.3 m), and 11.57 GPa (12.2 m) at the three sampling heights, respectively (Fig. 2) .Significant block-to-block and between tree variability was observed in the asymptotic parameter.
All the explanatory variables (sampling height, TPH, and stem slenderness) were found to have a significant influence on the inflection point parameter (β 1 ). A quadratic height effect was significant for inflection point estimates, corroborated by Fig. 2 . In this study, as defined in the previous section, the inflection point represents distance from the pith of a tree where MOE is half of the asymptotic MOE (i.e., 6.74 GPa based on the final model). As we can see from Figs. 4b and 5, the value of the point of inflection decreased while moving up the tree indicating that the tree reaches an MOE of 6.74 GPa more quickly with an increase in sampling height. Based on Fig. 5 , a slower rate of change in MOE was observed at lower portions of the stem and a faster rate as we go up in the tree. In addition to sampling height, a linear effect of TPH and stem slenderness on the inflection point parameter was observed in the final fitted model (Fig. 4b) . It was observed that the point of inflection decreased with an increase in planting density. In addition, between tree variability and height-to-height variability within a stem was significant for the inflection parameter.
A linear trend in the scale parameter (β 2 ), corresponds to the distance between inflection point (β 1 ) and the point where the MOE is b 0 1 þ e À1 ð Þ , with sampling height and stem slenderness was significant based on the final fitted model (Fig. 4c) . Thus, β 1 +β 2 is approximately equivalent to the distance from the pith where MOE00.73β 0 , i.e., based on the estimated parameters, 9.86 GPa. A linear increase in scale parameter with sampling height was evident from the model and indicates that the rate of increase in MOE from pith-tobark will be slow near the base of the tree but will be faster up the tree. Between tree variability and height-to-height variability within a stem was significant for the scale parameter.
The final nonlinear mixed model can be used for making predictions at different levels of interest (such as block, tree, and log) and is presented in Fig. 6 . Based on Fig. 6 , the model makes reasonably good predictions of MOE variation from pith-to-bark at different heights within a tree.
Discussion
Initial planting density is an important management tool in coniferous plantations because of its influence on height and diameter growth and thus final yield. At the same time, planting density has significant influence on within tree variability in MOE for coniferous plantation species {lob-lolly pine in USA, radiata pine (Pinus radiata D. Don) in New Zealand, black spruce [Picea mariana (Mill.) Britton, Sterns & Poggenb.] in Canada, and sitka spruce [Picea sitchensis (Bong.) Carr.] in the UK}. Based on this study, initial planting density primarily influences the rate of change in MOE from pith-to-bark, which is also influenced by sampling height. Stem slenderness also has a significant 
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influence on the rate of change in MOE from pith-to-bark. As planting density increases, the proportion of corewood decreases, and hence, the overall stiffness of the tree increases. Zhang et al. (2002) observed a significant decrease in strength and stiffness of lumber produced from trees planted at lower stand density (1,372 trees/hectare). They have also reported that the stiffness of lumber from plantation grown black spruce was 28.9% less than the stiffness of lumber from natural stands. Since a significant amount of the wood presently sold in the market is produced from fast grown short rotation loblolly pine (according to Wear and Greis (2002) , around 16%), it is important that both growers and buyers of this species understand the influence of different management practices (here planting density) on the strength of lumber produced.
No systematic variation was observed for the asymptote (the maximum outerwood MOE) with sampling height, stem slenderness, or initial planting density. The lack of influence of height on the asymptotic parameter indicates that wood produced after a certain cambial age, or distance from pith, at any height of the tree will have the same maximum outerwood MOE (asymptotic MOE), assuming that the trees grows old enough to reach that cambial age or diameter limit. This is evident from Fig. 5 , where MOE profiles predicted using the final model parameters at the three sampling heights are presented (an equal diameter was assumed at all heights). It should also be noted that the range of heights sampled are limited (only three heights were sampled per stem) in this study, and therefore, we might not adequately express the variation in the asymptotic parameter with sampling height. Similarly, stem slenderness Fig. 4 Plot showing the influence of height, trees/ hectare (TPH) and stem slenderness (ratio of diameter at breast height to the total height of tree) on each coefficient in the model Fig. 5 Plot showing pith-to-bark MOE variation in a tree at different sampling heights, assuming that diameter is equal at all heights, initial planting density was 1,358 trees/hectare and stem slenderness was adjusted to the observed mean DBH (27.02 cm) and mean total height (25.8 m) of the data did not influence the asymptotic parameter. This indicates that irrespective of DBH and total height of the tree, the MOE reaches an upper plateau (asymptotic value) after a certain distance from the pith for all trees. On the contrary, Watt and Zoric (2010) observed a linear additive effect of stem slenderness on the mean sigmoidal trend in MOE with tree age for radiata pine growing on a wide environmental gradient across New Zealand. However, reasonable evidence exists to believe that the wood properties reach a plateau in the mature wood zone of a tree. Based on the data and the final model, the tree will attain a maximum outerwood MOE irrespective of initial planting density or sampling height, DBH, and total height.
On the other hand, the inflection point parameter was influenced by sampling height, TPH, and stem slenderness. The difference in the rate of change in MOE from pith-tobark at different heights of a tree is clearly due to the interaction of specific gravity (SG) and microfibril angle (MFA) within a tree (Cave and Walker 1994; Megraw et al. 1999) . In loblolly pine, SG and MFA together explained 76-96% of variation in MOE, though the relationship depended upon the distance from the pith and height within a tree (Megraw et al. 1999) . Megraw et al. (1999) observed a slower rate of decrease in MFA from pith-to-bark at the base of the tree (at heights<3 m) but a faster rate of decrease in MFA above 3 m. Jordan et al. (2005; also observed similar trends in pith-to-bark MFA variation with height in loblolly pine. However, SG increases from pith-to-bark at a consistent rate at all heights in loblolly pine with a downward shift in the pith-to-bark profiles with increasing height (Megraw et al. 1999; Mora et al. 2007; Jordan et al. 2008) . Thus, wood of given SG from the base of a tree is going to have a lower MOE due to high MFA at the base and vice versa. Similar trends were observed in radiata pine, where density alone explained the majority of variation in outerwood MOE (owing to consistent MFA), while for corewood, MOE was influenced by both density and MFA, with MFA sometimes having a stronger relationship with MOE than density (Cown et al. 1999; Ivkovic et al. 2009; Watt et al. 2010) .
The decrease in inflection point with increase in TPH indicates that planting density influences the diameter of corewood, with trees at higher planting densities having a small diameter corewood with much stiffer wood than trees at lower planting densities (Larson et al. 2001) . Decrease in stiffness in response to a decrease in initial planting density has been observed in loblolly pine (Clark and Saucier 1989; Roth et al. 2007 ), radiata pine (Lasserre et al. 2009; Watt and Zoric 2010) , black spruce (Zhang et al. 2002) , and in sitka spruce (Brazier and Mobbs 1993; Moore et al. 2009 ). As the initial planting density increases, trees have to compete against each other for resources (crown competition for light) at an earlier age and thus tend to restrict early age diameter growth. Roth et al. (2007) found that increasing planting density from 1,334 to 2,990 TPH increased dynamic MOE by 31% and decreased diameter by 28%. Fig. 6 Plot of observed (O) and predicted values (using both fixed and random effect estimates) from the final fitted model against distance from pith. Plots are arranged by block, tree, and log (block/tree/log) Stem slenderness, a measure of individual tree DBH and total height, was found to have a significant influence on the MOE of trees in several previous studies in loblolly pine (Roth et al. 2007 ) and in radiata pine (Lasserre et al. 2009; Watt and Zoric 2010; Watt et al. 2010) . As trees get more slender (i.e., a tall tree with small DBH), the inflection point occurs at a shorter distance from the pith reducing the proportion of corewood and hence increasing whole tree stiffness. Based on the model, the rate of increase in MOE will be faster (i.e., will reach 6.7 GPa) in the corewood zone as trees get more slender. This is clearly evident from Fig. 4b , where the inflection point estimate increases with an increase in stem slenderness, i.e., as trees are shorter and have larger DBH.
The nonlinear mixed model successfully accounted for the variability in the profiles from block-to-block, tree-totree, and log-to-log (essentially the different sampling heights). It proved to be a successful method as it could account for the large variability within the data. Significant tree-to-tree variability in asymptote, inflection point and scale parameter indicates tree-to-tree variability in MOE curve shape. Similarly, a significant height random effect assumes a constant correlation of observed MOE across tree height.
In conclusion, a three-parameter logistic function was proposed to model the pith-to-bark variation in MOE at different heights for loblolly pine. Based on the final model, it was found that the rate at which MOE profiles change from pith-to-bark within a tree is influenced by height on the stem, DBH, and total tree height, and the initial planting density of the stand. It was also observed that lower planting density decreases the proportion of corewood produced within a stem.
